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Abstract

T

In this chapter we will review toroidal and orbifold compactifications of string theory. These give rise to
exact conformal field theories and, in particular, using orbifolds one can partially break supersymmetries in

lower dimensions. Construction of these models and consistency conditions are discussed and some examples

are provided.
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Toroidal and Orbifold Compactifications
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We have seen that there are several consistent superstring theories in 10-dimensions. Type IIA and IIB

give rise to theories with 32 supercharges while Heterotic and
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Type I theories give rise to theories with 16 supercharges. In order to get realistic theories, one would
like to compactify these 10-dimension theories to 4-dimension. Moreover we would like to have minimal
supersymmetry namely 4-supercharges in 4-dimension. In general the 6-dimension compact space needed to
obtain a partially broken supersymmetric theory will be a curved space. The corresponding world sheet theory
in general will be an interacting conformal field theory and typically not solvable exactly. In this chapter we
will discuss examples of exact conformal theories that are solvable and one can obtain the complete spectrum

of the string states and compute the correlation functions exactly.
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Simplest such compactifications are known as Toroidal compactification where the compact space is a
flat torus. Consider a circle S! of radius R . This can be thought of as real line whose points are labelled by



coordinate X with X being identified with X 4+ 2zznR for all integers n . The mode expansion for X is given by
1
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where w is the winding number (i.e., it counts the number of times the closed string wraps around the
circle S! ) and momenta are labelled by integers p (this is analogous to a point particle case where the momenta
of the particle moving on a circle is given by an integer times 1/R ). The 1-loop partition function for this
system is
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where the sum is over all integers p and w . Note that this is a 2-dimension lattice labelled by integers p

and w . We can rewrite this equation is a more suggestive way.
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where P, = wR + p/(2R) and Py = wR — p/ (2R) . It is clear that B* — B? = 2wp is an even number.
Thus I3 ; is a 2-dimensional lattice which has the property that length square of any vector in I3 ; is even
with signature (+, —) . Consider now the dual lattice of I ; (where the inner product is again with the same
signature). If (y1, yg) is in the dual lattice, then it must have integral dot product with all the vectors of T ;
. This implies that R (y; — yg) and (y;, + yr)/(2R) must be integers say n; and n, . This in turn implies
that y; = n;/(2R) + nyR and yg = nyR — ny/(2R) and therefore (y;,yg) € Ij; . This also implies that
the partition function Z is modular invariant under SL (2, Z) transformation 7 — (a7t + b) / (ct + d) where
a,b,c,d are integers and satisfy ad — bc = 1. This group is generated by two elements T -transformation
7 — 7+ 1and S -transformation 7 — —1/7. Under T -transformation, the lattice terms of Z pick phase
¢™(PL=Pk) and therefore T -invariance implies I ; must be even (with Lorentzian signature). Similarly, using
Poisson resummation one can show that S invariance implies that I ; is self dual (this is shown in Appendix

A in a more general context).
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We can generalize this discussion (Refs. [1] and [2]) and consider (d;, + dg) dimensional lattice Ty, 4,
with d;, positive and dg negative signatures (i.e., dy, left moving and dg right moving directions). If we are
considering Type II theories, then d; = dr while for Heterotic theory d; = dp + 16 . The one-loop partition
function of this CFT is
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Under T -transformation the lattice terms of Z pick up phase ¢™(PE=PR) and therefore T -invariance
implies that B? — B must be even, i.e., L4, .4, must be even. It is shown in the Appendix A, by doing a Poisson

resummation of the lattice sum, that S -invariance implies that I' must be also self dual.
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Thus modular invariance implies that I[; 5. must be even and self dual. Fortunately, there is a general
theorem which says that such even and self dual lattices exist if and only if d; — dg = 8n for some integer n .
In the string theory context, as mentioned above, d; — dr = 0 for Type IIA and IIB, while for Heterotic string
d; —dgr = 16. So in both Type ITA, B and Heterotic string such even self dual lattices exist. Moreover, if d;,
and dy both are non-zero (which is the case that appears in the context of Toroidal compactification), then
such even self dual lattice is unique up to SO (d;,, dg) transformations. In string theory context, the spectrum

depends on B? . This is because the masses of the string states are given by
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where N and N are the left and right moving oscillator numbers (that include bosonic modes as well as
fermionic modes in case of fermionic string) and a; and ay are the zero point shifts. What this means is that
even though the difference B> — B¢ is invariant under SO (d;, dg) transformations, the spectrum will be invari-
ant only under SO (d;) X SO (dg) subgroup of SO (d;, dg) . Thus the moduli space of such compactifications

is
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up to some discrete identifications. The dimension of My, 4, = (dr +dg)(dp+ dgr —1)/2—d;(dr —1)/2—

dr (dg —1)/2 = dydg . Thus the moduli space of this toroidal compactification involves d; dz number of pa-

rameters. We will return to the physical interpretation of these parameters later.
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First let us consider some examples. In Type II theories, for d;, = dg = n, if we take the lattice consisting
of the conjugacy classes of D,, weight lattices, i.e., the root lattice of D,, denoted by Sc,, , the two spinor classes
Spy and Spy, and the vector class V, , then we can take I}, ,, = (Sc,,, Sc,,) + (Vi V) + (SPp, Spn) + (Spn, Spn)
. Recall that length squares of weights in Sc,, are even numbers, V,, are 1 mod even numbers and Sp,, and
Spy, are n/4 mod even numbers and the dot products of weights in Sc,, with all the four classes is integer
(this is just the statement that the weight lattice of D,, is dual to Sc,, ), the dot product of weights in V}, class
with that of V, , Sp,, , and Sp;, classes are, respectively, 1,1/2, and 1/2 mod integers, and finally the dot
product of weights of Sp,, with Spj, class is (n — 2) /4 mod integers. From this we see that I}, ,, defined above
is even (recalling that the signature is n pluses and n minuses) and moreover the dot products of any two
vectors in I}, ,, are integers. Finally to show that it is self dual, the dual lattice must necessarily be a subset of
(Sc,, + Vi, + Spy, + Spy, Sc,, + Vi, + Sp,, + Spy,) since the dot product with arbitrary vectors in (Sc,, Sc,,) must
be integer. By using the dot products of different classes of D,, given above, one can check that only vectors that
are in correlated classes give integer dot products with I}, ,, . All the states carrying non-zero lattice momenta

will be massive in Type I1.
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The more interesting case is that of toroidal compactification in Heterotic string. Consider dz = n and
d; = n+ 16. This gives 10 — n non-compact directions. An example of even self dual lattice can be obtained
by correlating classes of D, ;¢ with those of D,, , i.e., the lattice is [;;116, = (Scpi16,S¢n) + (Vig16, Vo) +
(SPnt16-SPn) + (S D416 SPr) - One can easily verify that this gives an even self dual lattice by repeating the
arguments of the last paragraph. Now let us look at the massless states. In the right moving sector, Pz # 0
states are massive as minimum value of Np—ag in both NS and R sectors is zero (after doing the GSO projection
as seen already in the 10-dimension theory). Thus massless states will necessarily have P = 0. In the left
moving sector a; = —1, so the massless states can be (1) Ny, = 1 and P;, = 0 or (2) N; = 0 and P;, # 0 such
that B? = 2. States with N; = 1 and P; = 0 just give rise to the dimensional reduction of the 10-dimension
metric, antisymmetric tensor, dilaton, and the Cartan directions of the original SO (32) or Eg X Eg (i.e., 16U (1)
gauge fields) and their fermionic partners. The states with N; = 0 and B? = 2 give rise to massless states that
are charged with respect to the Cartan directions. In the example given above, these are just roots of D, 16 -
The resulting gauge group in (10 — n) dimensional theory is SO (32 + 2n) . By continuous boosting, generally
such states will develop non-zero Py and therefore these states become massive. So at a generic point in

moduli space the gauge group will be U(1)16+”

but there will be subspaces of lower dimension in the moduli
space where there is enhanced gauge symmetry (always keeping the total rank (16 + n) coming from the left

movers).
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To see this more explicitly, let us denote by u, v the directions in the 10 — n non-compact space, i, j



, etc. the n dimensional compact direction and I,J as the 16 Cartan directions of the original SO (32) or
Eg X Eg . Then the massless bosonic states (i.e., in the right moving NS sector) with N; = 1 and P, = 0
are o 1b1 1,10 > (which give the metric, antisymmetric tensor, and the dilaton in (10 — n) non- compact space-
time), o, b /2 |O > (which gives graviphotons ), o’ ; B¢ /2| 0 > (which give nU (1) gauge fields, o’ | 5 /210 > (‘which gives n (n 4
that go into the definition of n -dimensional lattice defining T" and the n(n — 1) /2 scalars coming from
the antisymmetric tensor B;;), al,b? ;> | 0 > (the sixteen U (1) gauge fields ) and ol b ;» | 0 > (the 16n
scalars). Thus apart from the graviphotons we have 16 + nU (1) gauge fields. The massless states com-
ing from N; = 0 and lattice vectors P = (P, Pg) with P = 0 and B? = 2 give rise to massless states
EEI P |P > (gauge fields) and Ei_l /2| P > (the corresponding scalar partners). Note that these gauge fields and
scalars (denoting them by Aﬁ and AF) are charged under the (16 + n) U (1) gauge fields. This follows from
the singular terms in the OPE among the left moving fields (here A refers to the indicesi and I, i.e., A runs

over (16 + n) indices)
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where dots represent nonsingular terms. Integrating z around closed contour surrounding w gives the
charge PA . If we have two such massless states P and P’ the leading term in the OPE is
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Now P.P' must be an integer since the lattice I'j¢,,, , is self dual. Furthermore since Pr = By = 0
and B? = P’} = 2,P.P’ must be +2 (when P’ = #P ) or +1 or zero. When P.P’ = —1 there is a singular

term in the OPE and integrating z along a contour encircling w gives e!(P+F")-X

which is again massless since
P+ P’)2 = P2+ P?+2P-P =2+2+2(-1) = 2. Length squares of such vectors are always 2, therefore
the algebra we get is a simply laced Lie algebra, i.e., it must consist of A, D , and E series in the Dynkin

classification with total rank 16 + n .
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Thus the massless lattice state with Py = 0 and B? = 2 gives rise to non-abelian gauge group with rank

(16 + n) . In fact this a special case of an algebra called Kac-Moody algebra
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where f; are the structure constants of a Lie Algebra and g, is the metric where k is the central charge
of the Kac-Moody algebra. The algebra described in Egs. (7) and (8) define a Kac-Moody algebra with k = 1
and for simply laced Lie algebras.
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Returning to physical interpretation of the continuous parameters (n2 in Type II theories and (16 + n) n
in Heterotic string theory), they must correspond to giving expectation values to massless scalar states. There
are n(n + 1) /2 massless scalars from the metric G;; and n (n — 1) /2 massless scalars from the antisymmetric
tensor B;; . In Type II theories these are the only massless scalars coming from NS-NS sector. Constant
vacuum expectation values of these fields are clearly flat directions of the potential. These vevs give a total of

n? parameters.
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In the Heterotic theory, apart from the massless scalars G;; and B;; , we have also the gauge fields Af
where a runs over SO (32) or Eg X Eg gauge group. However the F}}; includes a commutator term flfCA?AJC- o)
the flat directions of the potential will involve only constant vevs of gauge fields (up to gauge transformations)
along the Cartan directions. This gives 16n parameters. So in heterotic string the deformations parameters
are n? +16n = n(16 + n) . In Ref. [2], it is shown that the one-loop path integral on world sheet torus, in the
presence of constant G;j, B;; , and A; along Cartan directions of Eg X Eg or SO (32) , indeed gives rise to even

self dual lattices I' g4, involving (16 + n) n independent parameters.
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Orbifold Compactifications

PuEESE

Toroidal compactification, discussed above, does not break supersymmetry even partially. For example, a
T® = R®/T, compactification in type II theories will give rise to N = 8 supersymmetric theory and in heterotic
theory it gives rise to N = 4 theory in 4-dimension. In order to get a semi-realistic theory in 4-dimension,
one would like to get N = 1 supersymmetry in 4-dimension. In order to achieve this, some of the Ramond
spinors coming from the right moving sector must be projected out. This can be achieved by modding out
the toroidal theory by a discrete rotation group acting in the compact space (Refs. [3] and [4]). To see this
in some detail, the fermions in the light cone gauge transform as SO (8) spinor or spinor’ representation

depending on the GSO projection. Expressing the weights in terms of SO(2)4 subalgebra of SO (8) they are

—__ )=

2’72
fermion is spinor or spinor’. We will from now on choose the fermion to be spinor, that is, there are even

(+l 41 i%, i%) with the total number of minus signs restricted to even or odd depending on whether the

number of minus signs. We can take say the first SO (2) to be rotation in the transverse direction of the non-
compact 4-dimension space, and the last 3SO (2) as rotation in 3 complex planes in the 6-dimension compact
space (for us it will be flat toroidal space). Denoting T® = RS/T;, where T} is a 6-dimension lattice the rotation
must be an automorphism of Iy, . Let us denote by g = (6, v) the automorphism where 6 is a rotation and v
is a shift and let n be the order of g , i.e., g¥ = 1. Let us denote the eigenvalues of 6 along three planes as
(e2mia/N g2miar/N o2mias/N) where ), a, , and as are integers, then g acting on spinor will pick up a phase
1 (a; *a+az)

27i . ien
e 2 N . Thus for some supersymmetry to survive we have the condition a; + a, + a; must be a

multiple of 2N for some choice of signs. Without losing generality we can set the condition a; = —(a; + a,)
. This will ensure that + (%, %, %, %) is invariant under g . The shift v can be in the left moving I}4 lattice in
Heterotic context subject to the condition that nv € I3 . In the Type II context if a, = —a; so that a; = 0 then
the shift v can also be in the third plane satisfying the condition nv € I . Here we will focus on Heterotic

theory.
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FHEIATEEIL S (emia/N, e2rioa/N, 2miasiN) | Tt ), a, | a3 R, ARATRHITERER L1 g 22
UG 5 R R, BEEA SRR TR, RIS XTSI,
@ + @ + as BHUE 2N MR8 TERS—RPERIATHE FRATATURAFER a5 = — (0 + ap) o X7
BUBRIE + (5, =, , =) 16 g R P2, ASKEICIERT, P o AT /e8h g 16, WS
Fnv € T o 76 I RBHEHEAT, MR a, = —a) Bl a; =0, IBATR o AT AT =M P
E, WREE o € T o ASCRITRET RGRHIE,

To obtain the Hilbert space of states in the orbifold theory, we start with the Hilbert space H of states that
were there originally in the Heterotic string before modding out by the orbifold group G . In the orbifold theory
%(1 +g+g+..+ gV Y)H
. But this is not the whole story. Since X € T is identified with 6X € T*® we can have closed string configu-
rations which satisfy fork =0,...,N —1

only the statesin H that are g invariant will survive, denoted by H, . Clearly Hy =

HTSEISEIL PSRRI R, BAIMAZERNIRE G iR A FE NSRRI
ZEH H 1R, EHHEIEH, A H BilE g TEENSERRE, 12/F Hy . BAF H, =
(U +g+g+.+ gV H, ERIERIMI. BT X e 165 0X € T6 %, RATAILIFE
R k=0,...,N — 1 5AEEMIARLH T

X (o +2m,t) =6X(0,t) mod I

¥ (o +2m,t) = F659 (0, 1) (10)

where F is for NS and R sectors. For k = 0, the condition above was just the one for toroidal theory, i.e.,
the theory before orbifolding and the corresponding Hilbert space is what we denoted by H , but k # 0 are
new states that were not present in H . We will denote by Hyk as corresponding Hilbert spaces. Furthermore,
as in the case of Hy , we need to project the states in Hgk to g -invariant states. Such g -invariant states
form subspace Hy of Hgk and are Hy = % (1+g+g*+..+gV ") Hyk . Note that Hox comes with certain
multiplicity labelled by possible positions of the center of mass of X which are fixed points under the action
of 6k .

10



HrAh 3 X NS sector 1 R sector, X k=015, HRZHFEINEN MY, W2 e e
RIS, N EIFR RIS EERATCE H SR, Hk # 0 2 ANEET H RIS, Bl
Rexs LR RAERF S IR Hge o IEESD, F1H, E’Jlﬁ(ﬂ—ﬁ BANFER Hpe FHISREH| g T2
Sk XK g NI Hye FIF230 Hy , HON Hy = - (1 +g8+8 + ...+ gV ) Hy o TEE Hyx
WAL A REN BARICZEE, XM ER oF fEH NIARsS X

Let us consider some examples. Consider T? = R?/T;, where T} is a 2- dimension lattice generated by
two vectors v; and v, and take a Z, action for 0 namely X = —X where X is vector in R2.0X = X mod T
are called the fixed points of 6 . One can easily see that there are four fixed points in this example, X =
0,01/2,0,/2,(v; + v,) /2 . Consider another example where v; and v, have same length and are perpendic-
ular to each other (i.e., the lattice is a square lattice), then a Z, rotation by /2 will be an automorphism
of this lattice. Explicitly 6 takes (v;,v,) — (U, —v;) . The equation 6X = X mod T has now only two
solutions (modulo lattice vectors) and these are X = 0,(v; +v,)/2 mod T'. Yet another example is when
v; and v, are of equal length and the angle between them is 7z/3 . This lattice (which is related to SU (3)
root lattice) admits a Z; rotation 6 where 6v; = v, — v; and Bv, = —v; . There are now three fixed points
X =0,(v; +v,)/3,2(v; + vy)/3modulo T'. For this same example, we can also consider Z4 rotation 6 where
fv; = v, and Bv, = v, — v; . In this case, as one can verify, that the only fixed point is the origin modulo T',

so there is only one fixed point.

BAPREBEILNITF. R T2 =RL,, HA L Z2HWNNAE o Mo, ER 4668, B 0 /Y Z,
EH, Bl ox = —x, HAliE X I R2.6X = X mod T MRIEHFRN 6 IR S, AHER H ARG
AR, B X =0,01/2,0,/2,(01 +05) /2. BES M7 &0, 5 v, KEMESFHLD
HEE BMZMNIERET), BLleik z, AE r/2 2IXMEN—1EEGE, BHRkRE, o fEFN
(V1,03) = (Vg,—Vy) o LI TTHE 6X = X mod T (A& A &) (VA M ME, Bl X = 0,(v; +v,)/2mod T
o BE—MIF: & v, 5 v, KEME, ZFHRKAN /3, XMME (5 SU (3) IRFgHEX) ek Z; &
o, Hov, =v,—v, HOv,=—-0, 0 MR T HEE=ZNDAREEX =0, (0, +0,)/3,2(0; +0,)/3
o MNE—"MIIF, FATIER] A EIEF: Z, 2 6, HMH 0v, = v, H 6v, = v, —v; o AIRARRIE, X
RO T AUR R, EHRRE— MR

In fact there is a mathematical theorem which gives the number of fixed points as

HX b, FEMEETES H A R SEN

Number of fixed points = det (1 — 6) (11)

where det’ means determinant over the non-zero eigenvalues of (1 — 6) . Indeed for the four examples
given for T2 , for Z, case the two eigenvalues of 6 are (—1,—1) so that dlet (1-6)=2x2=4,for Z, case
the eigenvalues of 8 are +i so that dlet 1-6)=0-i) 1 +1i) =2, for Z; case the two eigenvalues of 6 are
eizm/3 so that dlet (1-0) = (1—e¥/3)(1 - e27/3) = 3 and for Z, case two eigenvalues of 6 are e*27//¢ 5o

that det (1-6)=(1—e/6)(1— e 27/6) =1

11



Hf det’ ok (1 - 0) FBAMEEMTIIR, MFLHEOIS 12 LHFwSAIL: 2z, BHF, 0
B AATEAE N (<1,-1) , FIBLAE] det(1—6) = 2x 2 = 4; Z WU, 0 MIAMEHEY i
, RIS dét(1—e) = A-)QA+i) = 2; Z3 BETF, 6 WRANRIEER 273 | [HsE
5 det(1—6) = (1— ) (1— 23 = 3 74 WU R, 6 MIF/MAGEMS cx2nils | [ 55

!/

det(1-06) = (1 — e27n'/6) (1- e—27n'/6) -1,

Now we can write down the mode expansion for X satisfying Eq. (10) in the T2 examples discussed above.
The eigenvalues of 6 are e¥2719/N where N is the order of 6 and a is some integer. Let z (a complex coordinate
involving the two directions in T2 ) be the eigenfunction with eigenvalue 27N | then the mode expansion
will be

BAEBATAT AR R (10) 19 X 7E IR0 72 S26lh S SR I, 0 IUARMEE S ex?mia/N | H
FIN 2 O IBTEL, o NIE—BEE 1%z (& T2 P TTRIRIE A4R) RATEE R e2/N fARAER
W, WA 5N

z(o,t) =zo + Z (ocn+gei("+%)(t+a) + &n_gei("_%)(t_a)) (12)
nZ0 N N
Note that the modes now are shifted by 1% . This is because in the twisted sector z (¢ + 27, t) = e*™9/Nz (g, t) .z,
in the above equation must be one of the fixed points. For each such fixed point, we can construct the Hilbert
space of states by applying the creation operators «,, 2 and Ein_% on the left and right moving part of the

twisted sector ground state, where the ground state is defined by

RIS RS T % , XERAEHIEX A, ERTEEM z (0 + 27, t) = 279Nz (0, t) .2y D0
BANERZ—o NTFEFMXEABN A, FAT10T DG L R XS AT RE T 2 EER =4
B a 5a, « RIESHR/RMERZER, HAEAR 2

a
n+—
+N

a
ocn+% |0>L=0forn+ﬁ >0

&, s |0>R=Of0rn—%>0 (13)

Finally z is a fixed point. For each such fixed point, there will be a Hilbert space of twisted states. Thus,
there will be as many copies of such twisted Hilbert spaces as the number of fixed points.

BA, zo B MBI, MTEMNXEAFA, #FE - MmSHA/RERZER, K, X0
A /RAB AR RIS T a1 K

The discussion above was just for T2 . Now we include all the other directions as well as fermions. We
start with the partition function for the 10 dimension theory compactified on T® (i.e., before orbifolding) in
the light cone gauge 2

PAETHEER XS T2 o BUEBA PR ATE HAth 75 18 DORBOK TR &bk, BANMOLHEMTE 2 T, &
BULAE TC _ERY 10 4EFEIE (RVBURILRD) RIEC 7> R BOT 4611
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2
Z = f %ZL,ZJ:ZF16 (14)
2

where the factors of 7, can be understood as follows. There are 4 non-compact directions so the integral
over the continuous 4-momenta of e=2772P* gives 1/72 and fixing the translational symmetry of world sheet
torus gives a further 1/7, as the volume of the world sheet torus is proportional to 7,.Z}, is the partition function
of the eight transverse X ° s (two of them non-compact and six of them compactified on some T® which for
simplicity we will take as (T2)3),, Zy is the (right moving) world sheet fermion partition function and Zr. , is

the partition function of the left moving 16-dimension even self dual lattice.

Hrt 7, I TAT DA R, 6 4 MEREOTA, B om0 [Es: 4 - SIRRMEE] 1/3
[ (SR B RS AR 25135 1/, , O USRI ER RO RS 7.2, RIEHE, X B\
AT X RSB LT MRARBUN, AMERA 76 RRBlL, MR, R
5 (12)).2p), Zr,, RATHATIKTRAER, 2Zr,, RIE(T 16 460 ELA BIRSHORL B

2

1 1p2 lp2
= E quLQZPR
U (PL,PR)EY6,6

7=(z-2)%

Zb:

peVs peSpg/ 1)
12
_ q>P
ZFus_ Z nl6 (15)
Pel"16

2 For simplicity we are taking torodial compactification with zero Wison lines but this can be relaxed.

2 NI, BT EZE Wilson LKAV RBUL, A —41FRT LUK

where I}4 is 16 dimension. Even self dual lattice corresponding to Eg X Eg or Spin (32)/Z, and yg ¢ is
an even self dual lattice with signature (6, 6) and consists of left moving and right moving momenta (P;, Pg)
made up of combinations of KK momenta and winding modes of T° . Note that for Z ¢ » as shown in Appendix
C, we already used bosonization to write 8 (lightcone) world sheet fermions in terms of 4 world sheet bosons
whose lattice momenta lie in SO (8) Vector class in the NS sector (after GSO projection) and SO (8) Spinor

[o8)

1
class in the R sector (again after GSO projection). Finally n = q2¢ [] (1 — q") is the Dedekind eta function

n=1

1
which comes from the oscillator modes. Note that g2+ already takes care of the zero point shift in L .

H T 52 16 45, RTRY Ey X By 5% Spin (32) /25 KB ERHBEAE, s BRFEN (6, 6) KT EIRHES:

%, HIEATERAIGTTER (P, Po) MR, 2 T (0 KK 31 SMSUAl &, BT 2, , Qi

CHIR, RATELESHEMIT s A OLl) R IKFRTN 4 MERFED AT, HiEH 8RR

T+ NS sector(GSO #5# /&) HJ SO (8) Vector 2, DA R sector([FF£4 GSO #45#% /&) K SO (8) Spinor

%, B 7 = qF [[ (- q") BXEIRSRIRIES n ML 155 q¥ DELET L, PIRESE
n=1

{7
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Consider an orbifold group generated by g € Zy which rotates the three T2 -planes by 27 (1, /N, ,/N, r5/N)
with r; being integers. We call it symmetric orbifold because g is acting symmetrically on the both the left
and right moving sectors of the three T2 . Of course it is understood that this rotation is a symmetry of the
lattice describing the three 2-tori. Since the world sheet supercurrent Tp = ax I1; must be invariant under
the orbifold action, on the world sheet fermions the action of g is fixed once we specify its action on X ° s (see

Appendix C for details).

ZE—NH g € Zy £ orbifold £, T =1 T2 *FH LA 27 (1, /N, r,/N, r;/N) Teks, HeAr, H%E&
B, BAFRZ NAFR orbifold, Ky g X =A™ T? MATAIATTRHRIERNIR, MR, XDz
REA IR A — DR, BT ISR E R T = aXiy; WATE orbifold 15 R A%, —H
BAHEE T g N X BEM, BRI SR FHIERBUE T (FEUMSE C)o

g |p >= e27rip-vf| p> (16)

where

=

vp = (0,r,/N,r,/N,r;/N) 17)

(the first zero just means that g action on the world sheet fermions along the two light cone directions in
R* is identity). Note that for Spg weights, e?7PVf = ¢7i(Fr+£r22r3)/N and therefore for this action to be Zy

we have the requirement

E—NBANFR g ¥ R AP 1)L FUE SRR E ), TR Spg X, 2™P0r =
eriCriAErEr)/N RN EHEXAMERE Zy , AR

Zrl- = even (18)
i

and furthermore for some supersymmetry to be unbroken we must have +r, =+ r, £ r; should be 0 mod
2N for some choice of signs.

AN, N T IERR IR AR AR, FATOMESRAN LT SRUAM S, +n £, 21 BL2N FT 0,

Furthermore we can also let g to act on the T lattice states g |P >= ¢*7'F'V| P > for some 16=dimension
vector V such that NV € I} (this ensures that gN | P >= [P >).

HEANRNTIE T PAS g fERITE T MRS g|P >= 2PV |P > bk, fEFXNZRIE 16 K8 vV 15
NV €L (XTHET gV | P>= [P>),

The partition function in (1, g) sector is Trg g% g0 . We note that states carrying non-zero |p >=| (P, Pg) >€

N
Y(6,6) Vanish in this trace. To see this, consider the states |s >= ] e~27irsIN |g' b > fors =0,...,N —1. Then g|s >=

r=1

14



N N
3 2SN | g+l 5= 3 = 27i(r—1sIN| oy = ¢27iS/N|g > Thus states | s > are eigenstates of g with eigen-
r=1 r=1

values e5/N for s = 0,1,...,N — 1. Since (g'P;)" = B2 and (g'Pg)" = B2, L and L, values for all the states

s > are the same. As a result summing over all s, Tr ggo gLo vanishes. This implies that in 1, 2) sector onl
g 897°q p g y

(P.,Pg) = (0,0) survives.

(1, 8) BIXMEL BN Trgqlogle . BATERR, HHIAET |p >=|(PL,Pr) >€ Y6 WBTEZ

N
AT, EHEX M, BEE s >= Y e /N ig'p> fors=0,..,N—1.Theng|s >=

r=1

N N

Z e—27irs/N gr+1p >= Z e—2mi(r=1)s/N g'p >= e27ris/N|S > - FHEAS | s > 2 g H/"JZIK?IE?:{S\, %
r=1 r=1

s=0,1,...,N— 1T & AEEN &N, 1T (g'P)° = B« (¢'P)’ = B, Ly, AR | s> M L, 8
HRAHTE, RIS s, Trgqloghe sRAEEERAZT, XYHALE (1,8) BXHPHEA (P, Pr) = (0,0) £#

B K,

More generally, when the T',, ¢ lattice is not factorized in terms of I'ig 5 and 3 T} , , the above argument
shows that in (1, g) sector, the states with 6P # P cancel out in the trace and hence only states with 6P = P
survive. The set of all such states will be a sublattice of Iy, 4 which are invariant under 6 . We denote this

invariant sublattice by I . Clearly I is an even and integral lattice.

i, 2 Ty, ¢ SASTCIEIMEN Tig o F1 34N T, I, FIRIGUESRPA, 1 (1, g) BRIXH, HH 6P # P
RSB HIRE, EIREWH 0P = P RISHRE TR, FrEIXEEHEGHR Ty £ 6 P
AIF-aks, BATRIZ D AZEFERAICN T, BRI,

It follows that

I AIR

1

qiz ﬁ (1 _ qnezmrj/N) (1 _ qne—zmrj/N)

n=1
2
_| 1 Fy2sinGEri/Nn@ (19)
n(e)” j2 9(1,1)(%’7)

where product form of 6/1 1\ has been used. In the above expression we have assumed that none of the
272
r; are trivial, i.e., 0 mod N . Ifone of the r; (say r; ) is trivial, then in the second line of above equation product

over j will go from 1 to 2 and 77(1')2 will be replaced by 77(1')4 .

XEBAIER T 6(3’1) HISRIE R, £ ERPBAIMREATH r; #RAEFRE, BIE 0 mod N o 4R
HA—Ary (B g ) R, R RS AT j RS 1 52, H (o) SHi

N n(r)4 5

15 .
AP 627np~vf
7 = ( DY )—q = (20)

pEVs pESps n
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152
P :
Z q2 eZmP.V
PeTl'¢

1,
VA (21)

n16

(g,1) Sector

(g, 1) FlX

The expressions for (1, g) sector above were obtained by applying g on the Hilbert space of the original
toroidal theory and taking trace. This amounts to computing the path integral over the world sheet fields with

boundary conditions along the two

E32 (1, o) WX HFGEAZ S R E B RA/R AR S HEH g FHRBEEIR, ZHE TR
e i o= T R LIPS B S SR SR NS ey 2P

1-cycles on the world sheet torus being X (z + 1) = X (z) and X (z + 7) = gX (z) . By exchange of the two
1-cycles on the world sheet torus we will get the result for (g, 1) sector. But this exchange of the two 1-cycles
on the world sheet torus amounts to the S -transformation r — —1/7 . Thus (g, 1) sector can be obtained by
7 — 7' = —1/7 transformation applied on (1, g) sector. This involves doing a Poisson resummation of the
lattice part using the equations given in the Appendix A and doing the Poisson resummation of the lattice
sums in Egs. (6) and (7).

HFEIAE ERRAD 1-EAR A X (24 1) =X (2) M1 X (z + 1) = gX (2) o RHM A EIRE ERIH
1AM, BATHRERE (g, 1) BMXHIEER, MRHEXMAD 1-FAMSEN T S L - -1/7, FHit
(g, 1) FXAT LUEIER (1,8) BIXAEM 1 - v = —1/7 253, IXFHFEA AN A GHAN &
TR IEAAEE KA, B (6) A1 (7) A RN S AR AN SR TERA EE SR A

Let us start with Zp, .

BATIM zp, FHERITIE,

¢s [[a-am (1 - ezm%f,q'")) (1 - e_m%f/q'w)

n=1

& ﬂz o L A T ry
=+ -it'q 2((1\]) +N)q'§ H(l —qm <1 _ q/n+ﬁ) <1 _ q’n_l_ﬁ)

n=1
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=\=it'p()q _((ﬁl)z r_>q = ﬁ (1 _ q'n+%) (1 _ q/n_l_lr_vi>

n=1
(22)
where 7 = —1/7and q' = 277" In the first line above we have used (44) in the second line (39)
with (m;,m,) = (0,—2f) , in the third line (42) and in the fifth line used the definition of 7 . Now there
are two cases (i) 0 < r; < N and (ii) =N < r; < 0. In case (ii), the exponents of ¢’ inside the product
over n are always positive, i.e., n + 1% andn —1— % are positive for n = 1 to infinity and therefore can

[se] r; [s+] r;

be written as ] <1 —q _l’) 11 (1 — q’”+|ﬁl‘) . This has the correct interpretation of energy levels coming
n=1 n=0

from applying the twisted oscillator creation operators of z; and Z; . In case (i), however, the last factor above

namely (1 —-q" - N) for n = 1 becomes <1 —q N) , i.e., the power of ¢’ becomes negative which cannot
be interpreted as the energy level coming from applylng a creation oscillator operator. So we rewrite it as
—q’_% (1 - q'%) and now ﬁ(l - q'n+%) (1 —-q" 1= )becomes —q N H ( '"+%> 10_0[ (1 — q'n_%)
and again the product has nt?lle interpretation of energy levels coming frorr? a%plying the t\;lri:slted oscillator

creation operators of z; and Z; . Both these cases can be combined into the formula:

Hh o' = 1/t fl ¢ = 77 . EXhE—HH TR 44), FETREE (my,my) = (0,—26) HH
T3 (39), F=AMEH T (42), FAMER T n BE X BIEDNMAEI:G) 0 < r; <N, (i)
—N <r; <0, TEMEM (i) H, FAET n I, ¢ RHEEIRZNIE, BN T n=121E% K, n+ E il

n—1-2 BPNE, .lﬂ:T‘ﬁjJH(l— "—|N|) ( -q'"+i%|)oiz1ammmuzi*nzia@mﬁﬁ
n=0

A B R BB, Y AR IE R (BRI (i) P, RS — AN BT 7 = 106 (1 _ q/"_l_%)

A (1 _ q'—ﬁ) Bl g BTV 9 58, T AR =2 B P U B2, TR R 1 LS

N (1-qF), _ ) (1 5%~~~ T mef\ T (- g

a ¥ (1-a¥), s TTa- @™ N)(1-q" N2 ¢ N I] (1™ ¥) T (1-4" V)

=0 n=1

, TR AT U HENN z; Al 2, AR T2 SR EIMRE S, PORMRILAT A AT

611 (27) = (-sien oy eq 2V 1
g Rl ()

n=0 n=1
This result is not surprising. Indeed, on the right hand side, everything else except sign (r;) depends only
on the modulus of r; and the left hand is odd function of r; .

X—EEROF RSN, FELE, HMER sign (r;) SMEIFRA TR T r; BB, TZEMZ r; AUATEREL

! 2
Including also Eq. (46) namely 7 (t) = v —it'n(7') aswell as 7, = 22, and d?r = (d )2 we conclude
't T

from Eq. (19) that

BAAR @6), Bln@ =v-itnE), Uk = 72 %u d?*r = ‘”2, AR (19) B g

(=
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n=0 n=1
21
- %z@gﬁ (z.7) (24)
where we have used the following
HAETATHE TR R
3 r 3
det' 1-g)=]] ((1 - ez’”#) (1 ‘2’” )) H (2 sm( )) (25)

j=1 j=1
This is just the number of fixed points. The right hand side clearly is the partition function of the twisted
variables (z;, z;) which satisfy the boundary condition (z; (¢ + 27), Z; (0 + 27)) = <e2 iﬁjzj (o), eI 2 g (a))
and therefore their modes are shifted accordingly which is reflected in the fact that powers of ¢’ are integers
shifted by J_r%

XIERAN RS E, GMEARHMZE (z,2;) KR 2R, X588 EILFREMm
(zj (0 +27),2; (0 + 27)) = ( 2mNz] (0),e " ll\izj (cr)), R EATTRIASAR B A A (S, IXAREL N
q BRI i% % e LS

1l Il
22N ( N ) in Eq. (24) can be understood as follows. Recall that for the usual

untwisted boson (i.e., r; = 0) this power just comes from zero point shift —1/24 for each boson and therefore

71—

Finally the factor q

for a pair of bosons (that is for a plane) it is —1/12 , which in turn can be understood as coming from normal
ordering (i.e., moving the annihilation operators in L, to the right). This glves - Z n = —1/24 using zeta

2 p=1
function regularization. In the twisted sector since the modes are shifted by r;/N , the resulting normal

ordering gives (for a plane) ! n+|2]) + n — ||} ) which again using zeta function (actually usin,
g8 > N N g g y g
n=0 n=1

Hurwitz zeta function), which in turn for our case reduces to —i (B, (a) + B, (1 —a)) wherea = + |%) and B

is the Bernoulli polynomial and B, (a) = a®> —a + % . Substituting a = |r /N | we get the result.
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m |’J|

w&/a, 3N (24) PHRIAT q N< >Tu?’*ﬁﬂ?ﬁ‘ﬁfﬁﬁ% FAFmE, XN TEAARH AT
(B 7y = 0), WRRUIIER BN 0 PO RS —1/24, TR F— R0 F (HIRPRI— T
), &8N -1/12, JZXTL/U\AIE%)”F” (R Lo BT K EAF RGN 152 ke, FIH ¢ BREUEM

fe, VR L z n=—1/24, EHIIBIEKE, BB /N RF, BEERFAE (— A

1 1
2 2

"

HISEER) (z(n+ §)+z(n—|ﬁf|)) FERURIFE & BRI (SEPRIZREETR ¢ BRED), TERRA 1A
= n=1

Hh e a] DAZIE Sy — 2 ~(B(@)+B,(1-a), Hifla=+ |%| , BRAEH 2R, HB,(a) = a2—a+%
o {JQ)\ a= 'V]/N| &ﬂ]'fﬂ‘%”?l«;‘ %o

The remaining pieces- the right moving fermionic and left moving gauge sector, can be rewritten as
functions of 7/ by Poisson resummation. It is useful to do this for a general even and integral lattice I (even
means that length square of every vector in [ is even and integral means that dot product of any two vectors in
I is integer). This of course implies that I is a sublattice of its dual lattice I* . Let v € I'* and let w be a vector
such that Nw € I. This has been done in Appendix A with the result given in Eq. (36). Applying this for
Z}’g ,1is SO (8) root lattice and v is SO (8) vector and spinor weights with relative negative sign. In this case I
is Scg class and Vol = Sqrt |[I*/I| =2 and d = 4

HARE T — AR T RSO RE, AT OB IEARSRAE S N o R X T — B EEss
I (1846 I FFATE AR EFT OB, 86 1 PMERMADN R R ROV EBE), XHEERR
T, XA L2 A I 1A% Boel*, @ w il Nw e IR, XETOE
it A FR5ERL, SERUAR (36). WFHBIATF 275,12 S0 (8) 1A%, v BHHM G151 SO (8) MR
TEER, TEHIEE T, I5& Scg 2K, AFH Vol = FTHRE Sqrt [I*/I| =2 Bl d = 4

Lg = _ 1 —/%(P+v'+vf)2 iV _ 27iSpg.v’
0= Zn(f) v gimézq 5 : ) 0
where v’ is a representative of each of the four classes Scg, Vg, Sps , and Spg . Using the fact that Scg dotted
with all classes is integer and Spg.V; as well as Spg.Sps is half mod integer, we see that v’ € Scg and v’ € Spg
vanishes. When v’ € Vg, (eZ”iVS'”' - eZ”iSPS'”,) =1+1=2and whenv' € Spg,(eszS'”' - eZ”iSPS'”') =
—1 —1 = —2. The resulting factor 2 cancels with the prefactor 1/2 in the above equation and the final result

for the fermionic part is

Hrf o BN Scq, Vg, Spg 1 Spy NIRRT, R Scg 5T A KM AR 0B
Sps.Vs M1 Spy.Sps FIAEEEEEL 1, BATTOTHI v € Scg Ml v € Spy FTF, H v € V; N5
(mVev' —mieet’) =1 +1 =2, KV € Sps, (¥ — 2P ) = 1 —1 = 2 IHFEIRIRY
R, BEWNEF 2 5 ERGEPRTER T 1/2 #UH, TORTFETNRESE RS

4@ —ts( 3 - % Jaiel -z ) @
;7(-[) PeVy PeSpg

Finally using Eq. (36), the [4 part of the partition function Eq. (8) becomes

& HIFE (36), BLorEREL (8) Y e BR3P N
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» q/%(P+V)2
1,8 PEF16 g,l ,
Zr, ()= # =Zr, (7') (28)
n(t’

Level Matching Condition

HEZRVLAL AT

This condition comes from requiring that under 7’ — 7’ + N, the (g, 1) sector should go to (g, gV) sector
but this must be the same as (g, 1) sector since gV should be identity. Clearly Zf’l isinvariantunder " — 7'+ N

as can be seen from Eq. (11) as it is a modsquare. From Zj§’1 and Zl‘g~’116 , we find the condition

ARG RRER: AR 7 — o + N F, (1) KA (g.g") X, BT g W%,
PRBEERAAT IR (8.1 K. B ZE B0 — ¢ + N SR AL, X—RT AR () A,
WERBOE T, dhie 28 5 28, BV

N
2
where we have used Eq. (18) which says that Np.v is integer for all p in V5 and Spg and also we have

(B-v?)ez (29)

required NV € I}¢ and therefore NP.V is an integer for all P € I3¢

A FATA R T (18): 2 (18) RN T W, 1 Sps HIFTAE p, Np.up HEEEG RIS ERATER
NV € I, B, HIENTFA P e, NPV ey

Example- Z; Orbifold

Bli: z; $ue

We take (TZ)S/Z3 where Z; acts on each of the three T? as rotation by 277/3 . This of course means that
each of the T? are described by lattices that have Z; automorphism. vp = (i, %, —g) . Note that ijzc/z =
3/2(1/9 4+ 1/9 + 4/9) = 1 and therefore level matching condition is already satisfied and we do not need any
V. However to make the model more interesting, let us choose V as follows. Decompose one of the Eg in terms
of SU (3) X E.Ej lattice then splits as (R3, Rq) , (F3, Fy) , and (Fs, Fs) where R3, F; , and F; are, respectively,
SU (3) root lattice, fundamental weights, i.e.,(3) and anti-fundamental weights, i.e., (5) shifted by the SU (3)
root lattice. Similarly R¢, Fy , and Fy are, respectively, Eq root lattice, fundamental weights, i.e., (27) and anti-
fundamental weights, i.e., (27) shifted by the E4 root lattice. In particular the 240 roots of Eg are given by
6SU (3) roots +72 roots of E4 and (3,27) and (5, ﬁ) . Now we choose V to be the SU (3) anti-fundamental
weight F; . Clearly the phase e2™P'V gives 1 when P is in (R;, Rg) and second Eg , the phase is ¢2"/3 for all

P € (F;,F,) and e=™3 for all P € (F;, Fy)
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FATHL (T2)3/Z3 , HA Zy =4 72 hi g — DN ER v L) 2n/3 . IXHBIEA T #HAS Z,
ARMIERR, v = (5,5,-3)c EENZ2=32(1/9+1/9+4/9) =1, HIEIARFES
e, BAITFERIMIV . RSN T IR ER R, ?Jaﬁ]ﬁ?!lﬂ"l‘ﬁfﬁh Vo RKeH— Eg 1%
SU (3) x Eg.Eg 1853 iR, 1ZAKAIHF534 (R3,Re) « (Fs, Fy) 1 (F3, Fy) , HH Ry, F; Fl F; 5433152 SU (3)
A, EEARL (B (3) FUREEAM, st SU (3) s TR T (3) o 20U, Re, Fy A1 Fs 5351
JE Eg HRA8. BAA (BN (27)) MIEEARL, WHLEM Es RIS TFE THY (27). Finllitl, Eg 1240 MR
£ 6SU(3) ARAN_E Bq 1) 72 MR, AL (3,27) 1 (3,27) AtH. BIAETRATTIER v 9 SU (3) RREEAA
Fo BER, Y PET (Rs,Re) WHAANL 2PV BUEN 1; NTFHE AN Ey, FTE P € (Fs, Fg) XM
fiy 2713 | it P € (Fy, Fs) MRIHARRLN e2mi/3

Let us see what are the massless states. We will focus on the bosonic states (the fermionic states will be
just their superpartners). In the untwisted sector these are just the original 10-dimension massless fields that
are g -invariant. These are Gy, , G;j (a short hand notation for Gzi,Z‘j where z; for i = 1,2, 3 are the complex
coordinates on the three T2 such that under the Z; rotation z; — €*™/3z; ), B,,,, (which is axion via duality
dB="dy ), B;j . Finally the gauge fields A, are in SU (3) X Eg X Eg (in other words the first Eg where we have
put V is broken to SU (3) X Eg ) and finally 34; in (g, 27, 1) and 3A4;1in (3,27,1) of SU (3) X E¢ X Eg .

BATPRE— T 2T RES, BRMEEATICEO TS GERTERERENINERNFRE). 1
untwisted sector(JCHH I X) HF, IXEERFR IR AN T RESHIHE g PN, BIIEE
Gy~ Gij (2 Gy, o, NEFICIE, HA=AEAIREE =1,2,3 0, W/E z;, XEGAIRENIE=
NT? b, 18 Zy ¥E R z; > €73z;). By, CEIIAEYE dB="dy ATHIE ZHF). B;j. &5,
MG A, JBT SU (3) X Eg x By (A1IE W, BAEAMRA T V HIHIE By RBERE] SU (3) X Eg ),
B8 34, Ab T SU (3) x Eg x Eg 1 (3,27,1), 3A; &b T SU (3) x Eg x Eg 4 (3,27,1)

In the twisted sector, in the right moving sector the zero point shift in energy is from Eq. (24), > - Llnl (1 - llrv—’l

; 2N

3%%% = 5 from bosons and from Eq. (27) the minimum energy appears for P = (0, 0,0, 1) so that (P + vf) =

- (0, i % %) and is %3@)2 = 1/6. Thus the total is 1/6 + 1/3 = 1/2 which cancels the zero point energy —1/2
giving rise to right moving L, = 0. This means that the left moving L, must be also zero for the corresponding
physical states. Taking into account the zero point shift 1/3 coming from left moving bosons (from Eq. (11))
we have the following possibilities from I as V is fundamental of SU (3) in the decomposition of first Eg in
terms of SU (3) X Eg : (1) P+ V is weight of 27 of E; whose half the length square is 2/3 and (2) we can choose
P+V as the weight of 3 of SU (3) whose half length square is 1/3 and excite a 1/3 oscillator mode from Eq. (11)
the multiplicity of which is 3 . Thus the massless states from each fixed point in g -twisted sector are (1,27, 1)

and 3 copies of (3,1, 1) . Since there are 27 fixed points <det 1-g= 27> we have 27 copies of (1,27,1) and

81 copies of (3,1, 1) from g -twisted sector. Similarly from g2 twisted sector we get 27 copies of (1,27,1) and
81 copies of (5, 1, 1) .
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EARRh, LTI SRR o0 it T3 3 L0 (1- 1) =312 = 1

R (27), P =(0,0,0,1) MRIRAEAER, FILIHRE (P +vf) = —(
f

N
1
3’

0.L.L1), fien 13(1) = uss
=

o RIHERERRE N 1/6 +1/3 = 1/2, RIFIEZT ARERE —1/2, 1531617 Ly = 0. XEBRE N M
YIBRASH /AT Ly AURE, FEAATHEFHRNZ RAERR 1/3 CRER 1), KE D E #%
SU (3) X Eg 735, SU (3) BRI N vV, FATIM g AI1E LA RPIAENL:(1) P+ V J& Eq [ 27 4
FORR, HEKEFTH2/3; ) AL P+ V N SUB) 3 4R, HAEKE YN 1/3, FHE
B—PRER (1) 1 1/3 71, ZSENRIHEN 3, K, g HbhmXPEN R mRSHNE R
BN (1,27,1) F13 6 (3, 1,1) 0 HITHA 27 M4 (det(l _g)= 27), ¢ HLH X 22 1 27

3 (1,27,1) F1 8113 (3,1, 1) [, 7E g2 Ml XFAIHE] 27 3 (1,27,1) M 8113 (3,1,1)

To conclude, in this chapter we have discussed toroidal as well as symmetric orbifold compactifications

where the orbifold group acts symmetrically on the left and right movers. This has been extended to asym-

metric orbifold constructions where the orbifold group acts asymmetrically on the left and right movers (Ref.

[5]) which allows many more possibilities. However this has not been discussed in this chapter. Similarly

we have not discussed the computations of string effective action terms that involves computing correlation

functions of, in particular, twisted states. This has been discussed in detail in Ref. [6].

RISz, AREBANNIE 7 RXBL S NFRIE KB, RXEZXBUCHHIERER PR T2 T8
FIAEATRL, A8 B B FRUEAIE: FUEREAXARIER T TR S 61T (2550 [5),
XAk T E A RENE, (AR EEIFIIE, R, BAMARIHCZARMEAETITE, X3

HHRICHY KA SRR BT R, MXANECES S S [6] FA IS,

Appendix A

Fifs A

We consider the following lattice sum

TATIZE BN A AN

1 201 2
Z (v’ w, T,?) — Z qE(PL‘H)L) qE(PR‘H)R) p2Ti(P+V).w (30)
Pel

where P = (P, Pg),v = (vr,Ugr),w = (wr, wg) and the dot products are with Lorentzian metric P.v =

PL'UL —

Pg.vp etc. Iis an even integral lattice with Lorentzian metric. Now we do a Poisson resummation. Let

;H\:':P P= (PL’PR) , U= (UL, UR) , W= (wL, U)R) ’QAW*R%B}T{)E‘%?%{@%E%% Puv= PL‘UL —PR.UR %o IIEE[
FLEFIRACZLE AR EEAR . IRTERRAIMTEAA T SR AN, <&

f(x)= Z q%(PL+UL+xL)2q%(PR+UR+xR)2 E2mi(P+U+X).w (31)
PeIl

where x is an arbitrary vector in a basic cell B with same dimension as that of I (let us denote by d the

dimension of I ). Then f (x + P') = f (x) for all P’ € I. This means that we can make a Fourier expansion
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Hrr x 25 B AR AR, EMS 1 4EEMHER (AT d 2R TR4EE), NIXNFTE P e 12
f(x+P)=f(x)o XUEBAFATRT DAE EIH- R T

f)= D) fre 2k (32)

ker*

where I* is dual of I with Lorentzian signature and

Hrp r BAABRATTSERN TG, H

fio= o [ dxf (o) ee (33)

where Vol = / ‘17*) is the volume of a basic cell B. Note that since I is integral, it is contained in I* and

I . TIF L .
‘7‘ is just the number of elements in - This integral can be carried out as follows

ot vol = /|| REM B IIKEL ERET I RER, BRST L, B
M BB RS

8 RNV S

. 2 .= 2 N .
fk — Vl lf dx Z ITT(PL+UL+XL)” o—iTT(PR+UR+XR)” g27Ti(P+U+X)-w p27ik-x
oJ B per
_ 1 o—27ik-v dxz PATT(PLAVL+XL) p—inT(PR+UR+XR)’ p27Ti(P+U+X)-w p27rik-(P+U+X)
Vol B pel

— %e—zmk.vf dxelTXF g ImTXR p27ix.W p27iK. X
Rd
2 2 2 2
o
Rd
1 1 2mik-v imt (wr+kr)? —irﬁl(w +kg)*
S S— P R P A IS (34)
Vol (_i_[_)dL/Z(i?)dR/z
where 7" = —1/7 . Substituting this back in Eq. (32) and setting x = 0 we find
Hrp o' = -1/, HHARERX (32) FL x=0, HMNEZ
7 (U w) (T ?) — Z L 1 ezmk~veim'/(wL+kL)2e—irr?/(wR+kR)2
= A
1 1
~ Vol _\dr/2
Vol (—iT)dL/z(iT) RS vrer
rl(P +v) 4w )2 /l(P +uh+w )2 iv-v'
Zqu L quR RTWR) 2miv-v (35)

Perl

where ¢’ = ¢ and in the last line the sum over k € I* is expressed in terms of sum over v’ € I*/I and
P e Ibywritingk=0v"+P.
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Hrh g =™ | B TEEKE k=0 +P, X ke BRMEANN v e /TP el
K,

. L o . . I . LI
Note that since I is integral, it is contained in I* and |7‘ just the number of elements in -

BT R, CEST M, BT

PR TP S 8

Including also the partition function of the oscillator modes of d;, left moving scalars and dp right moving
scalars, which give contribution 1/17dLﬁdR and using the fact that 5 (t) = v —it’n (t) we see that all the explicit

7 and 7 factors cancel

T dy, DMEFIFREL dg PR BRI B G 1/ ), FERIFIMERR 7 (7) =
V=in(r), BARTERIRAERN 157 B FERRE T

Z; (U, w) (T,?) _ L Z; (w + U’,_U) (T’,?I) -
@@ VS pyt(7)

dr

Case when I is self dual

I A EXH R

The above discussion was for I which is even and integral. In the special case when I is self dual lattice,

ie.,I* =1, then Vol = |17*‘ = 1 and the sum over v’ is trivial, so that

ERTHEE AR T, 15 1N BN EMERREE S, BMR T =1, A Vol = 4/ |17| =1, H
Xt v BSRAZ ALY, Al

= Lpiwp) - ‘(PR+WR)2 —27iv-P
ZI(U,LU)(T,T)= _— E qz2"+ e
—d
(_lT)dL/Z R/2 Per
1 ;=
= —dR/ZZI (W, —U) (T » T ) (37)

(—in)™"(i7)

Including also the oscillator part we find that when I is self dual

MAIRTHBIE, BAVSEIS 10 EXHER

Zr(,w)(r,7)  Z(w,~v) (T/’%/)

_ (38)
R ORI
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Appendix B

Fif s B

Here we will review definitions and some properties of 6 -functions. The sum form of the 6 functions

are:

HACBATTRE IR 0 BRELHTE XS B M. 6 PRI AN T

. 2 .
6(0{,[3) (Z, T) — Z elT(n+a) +2i(n+o)(z+f3) (39)
n

They can also be written in the product form. For a = 0,8 g) (2, 7) is

EHATAS REFIER. AT a= 0,804 (z1), EFBIHRN

H (1 _ qn) (1 + eZﬂi(z+ﬁ)qn—%) <1 + e—2m’(z+,6)q”—%) (40)

n>0

and for @ = 1/2 the product form for ~9( ﬁ) (z,7)is

T a=1/2, 8( ) (z,7) BIFRRIE AN

1
Ea

2cos(m(z + B)) H 1-qvH(1+ e2ﬂi(z+[3)qn) (1+ e—27‘[i(z+[>’)qn) (41)
n>0

Under z - z + my7 + m, for my, m, € Z, they transform as

£z - z+mt+m (EHT m,m, € 2 I, EIIEHS

Sy (2 + MyT +my,7) = emimiT-2mimz2mimac-miB)g o (7, 7) (42)

Under T and S transformations:

1E T F1 S ZZH 1
(1) Fort' =7+1:

OXNFr=c+1:

8(“’5) (Z, T) = eﬂia(a_l)S(a 8- ) (Z, T’) (43)

1
a+-
2

(2)Fort =-1/1:

QXNF 1 =-1/r:
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Sap) (1) =V —ir’e”iZZT,eZ”io‘ﬁS(ﬁ,_a) (zt',7) (44)

Finally the Dedekind » function transforms as :

BRa, WSS n R HN:

Fort=17+1

MNFr=1+1
(1) = e ™2y (7') (45)

Fort = —-1/7

T T=-1/7
n(t) =V -it'n(7) (46)

Appendix C

ffisk C

Here we will discuss the bosonization of world sheet fermions. Consider two real left moving fermions
say ¥, and ¥, . Virasoro central charge of this system is ¢ = 1. We can combine them in terms of a complex
fermion ¥ = ¥; + i, and ;_b = 1, — iy, . The operator Ez,b has dimension one and in fact is a U (1) current

say J , It is easy to see using OPE between J and 3 and g_b they carry +1 and -1 U (1) charges, respectively.

BAME AR E TR TR k. FERNANEITRIKT, By, Ml g, . ZRGNHENRD H
DN c=1, BAOTATEENHENERKT = + i, M = ¢, — i, o BT P FILEEEN
1, XEEEE-DPUQ) R, BT, AT S50, ¢ ZRAMNESRBITAZSEH, SO0
+1 f1-1 B U (1) HA,

We can express all the above in terms of a world sheet scalar ¢ with the identification d¢ with Ez,b ,and
vertex operators e'® and e~¢ with 1 and ¢ , respectively.

FAITAT DRIt SR AR & ¢ B LRI A E IR ¥ 0p SR T vy, TAAERF e Fl e¢ 271
ERT My,

We can now identify the states in the fermion formulation with that in bosonic formulation as follows.

2
1 1
In the NS sector the fermion partition function is g 2+ ] (1 + qn_i) and in the GSO projected sector

n>0
2

1 1
qg > ] (1 - q"_5> , where we have included the zero point shift. By using the identities given in Appendix
n>0
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1 1
Yq3" I
B in (39),(40) and (41) is the same as = and * . The first is exactly the partition function of a

single boson with momenta being all 1ntegers n and the second where odd n terms come with minus sign.
Adding the two terms or taking the difference between the two, in the bosonic language it amounts to sum-
ming over even momenta or odd momenta. Similarly in the Ramond sector using the relations in Appendix
B, one finds that in the bosonic language it corresponds to summing over momenta that are 1/2 mod integers.

BUERA TS K T 20RO A REBIB € 7 40RI0S, W PR, 76 NS IX, HOK TR
ﬁq%11Q+f%) GSO $35 Fm:ﬁqLIIQ_ ) HAFRATE LI T E AR

n>0 n>0
1.2

7" E(_l)n %nz
FIFIFTS B /1 (39) (40) #1 (41) Lt AITESESK, RIRAD 7 BREEE A T ¥ IR i o H—
PMEZRNP O TR R, HEWBIIAEE n, BN 8n TOFERS, J%WID‘\T?FHBD B
EBNIARIZE, FEPEFIE S o RO Esh B el ar s 8ok, L, ERSEEXAIMTR B Y

KER, BMNAIAHERGFES T, EXRXTHE 1/2 BB 8K,

Now let us look at the effect of a rotation by an angle n : (¥;,%,) — (cosnp,+ sinnyp,,—sinnyP; +
cos NY,) . This is the same as 7 : (z,b,a) - (ei’igb, e“"@) . In terms of boson ¢ , the effect of this rotation by
7 is e!® — ele!® which amounts to a shift  — ¢ + 7. Thus rotation in the language of fermions becomes a

shift in the bosonized version.

MEBMNPREBEA N n © (¥y,1,) = (cosny+ sinn,, —sinnp; + cos n,) FIHEEIIRN,, XZEHT
Fo:(w9)— (M, ep) o WFHET ¢, HfH  KFEHINE 9 — enei® | KR —
FH ¢ — ¢ +no FILTKTIES DR, ER ORI T,

In the orbifold context we had rotation in the three internal planes by Z0,1,15, r;) where the first entry
refers to the transverse light cone plane in 4-dimension. On each plane the1r right moving fermion partners
will also be rotated by the same amount to preserve world sheet supersymmetry. When we bosonize the pairs
of fermions in each plane, this rotation acts as shifts (¢, ¢5, $3, P4) = (P1, P2, Pz, P4) + %T 0,1,15,73) .

FEREERT, BITE=1"WFEEEs), HahgEn —(O r,ry ), HARE NS EH N N P 4E
FRERE D EHE P, Y 7 ORI SR X AR, !:A¥EJ:B’JEﬁﬁ%?M&&é*&%iﬂﬁIﬁlﬁEo
SN NI PRI FOR T WO, XEERIAERE (91, 02, b3, $4) = (D1, P25 P35 $4) +

27
~ 0,r1,15,13).
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